1. Introduction. Let k denote a fixed positive integer. A completely multiplicative arithmetical function x is called a character modulo k if x is periodic with period k and has the property that x(w) =0 if and only if (ra, k)>\.
It is well known that there are exactly <p(k) distinct characters modulo k and that they form a multiplicative group, the identity element being the principal character Xi» where Xi(ra) = 1 if (n, k) = 1. Here (p(k) is Euler's totient.
A positive divisor d of k is called an induced modulus for x if we have (1) x(n) -1 whenever (n, k) = 1 and ra = 1 (mod d).
This implies that x is also a character modulo d. In particular, k itself is always an induced modulus for x-The smallest induced modulus is called the conductor of X-A character x modulo k is called primitive if its conductor is k, that is, if it has no induced modulus less than k.
For any character x modulo k and any integer r we consider the Gauss sum G(r, x) defined by the equation where the sum is extended over any complete residue system modulo k. We call the Gauss sum separable if we have
It is well known that the Gauss sum G(r, x) is separable if x is a primitive character (see Lemma 3 below). This paper proves the converse. That is, if G(r, x) is separable for every r, then x is primitive. Therefore, we have the following alternate description of primitive characters. Lemma 6. Let Sk denote a reduced residue system modulo k, and let d be a divisor of k. Then 5* is the union of <p(k)/<p(d) disjoint sets, each of which is a reduced residue system modulo d.
Proof. Consider 5* as a multiplicative group of reduced residue classes modulo k, and let Sd be the group of reduced residue classes modulo d. Let the classes of Sk be represented by integers ra and those of Sd by integers r, and note that each ra is congruent (mod d) to a number r since d\ k. Define a mapping/:
Sk-^Sd as follows:
If ra G Sk, then/(ra) = r, where ra = r (mod d).
This mapping is a homomorphism of 5* into Sd-The homomorphism is onto because if (r, d) = l there always exists an integer ra such that w = r (mod d) and (ra, k) = 1.
In fact, we can take for ra the solution to the system of congruences
where k' is the product of those prime factors of k which do not divide d. Since (k't d) = l this system has a solution (by the Chinese remainder theorem). To prove that (ra, k) = 1 we note that (ra, k') = 1 because w = l (mod k') and that (ra, d) = \ because n = r (mod d). Hence (ra, k'd) = 1. But k and k'd have the same set of prime factors, so (ra, k) = 1. Now let K be the kernel of/, that is, K= {xESk\x=l (mod d)}.
Then the factor group Sk/K is isomorphic to the group Sd, so we have a corresponding coset decomposition
where T is a set of coset representatives. If we take one representative from each coset we get a reduced residue system modulo d. There are cp(k) elements in Sk and <p(d) elements in each reduced residue system modulo d, so there are <p(k)/<p(d) such residue systems altogether. This completes the proof of Lemma 6.
Note. The referee has pointed out that Lemma 6 was proved in 1923 by T. Nagell [3] , and that a different proof was later given by R. Vaidyanathaswamy [5] . Our group-theoretic proof is different from each of these. Now we use Lemmas 4, 5, and 6 to prove the converse of Lemma 3.
Lemma 7. If a character x modulo k has separable Gauss sums G(r, x) for every r, then x is primitive modulo k.
Proof. Because of Lemmas 1 and 2, it suffices to prove that if x is not primitive then for some r satisfying (r, k) > 1 we have G(r, x) 5^0. Suppose, then, that x is not primitive modulo k. This implies k>l. where in the last step we used Lemma 6. Therefore we have 4>(k) g(',x)--t£g(i,*). </>(a) But | G(l, ^)| 2 = d by Lemma 4 (since \{/ is primitive modulo d) and hence G(r, x)^0. This completes the proof of Lemma 7. As already mentioned, Lemmas 3 and 7 together prove Theorem 1.
